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Fermentation processes that are used to produce ethanol exhibit oscillatory behavior
and for periods of time during these oscillations, ethanol production decreases
substantially and there is considerable loss of residual substrates. There has been a
considerable amount of work demonstrating oscillatory behavior in fermentation proc-
esses. The aim of this work is to demonstrate simple strategies to eliminate the oscilla-
tory behavior in fermentation processes involving both Zymomonas mobilis and Sac-

charomyces cerevisiae. The oscillatory behavior is caused by the existence of Hopf
bifurcations and it is demonstrated that very minor changes in the input conditions
can eliminate the Hopf bifurcation points. In the case of Zymomonas mobilis, it is
shown that the addition of a small amount of substrate and/or the key component of
the biomass and/or product in the input stream causes the disappearance of the Hopf
bifurcation points while in Saccharomyces cerevisiae fermentation process, a very
minor increase in the input oxygen supply produces the same result. The aim of this
work is not only to demonstrate the existence of the Hopf bifurcations in the fermenta-
tion problems, but also to provide strategies to eliminate them. VVC 2010 American

Institute of Chemical Engineers AIChE J, 57: 2397–2405, 2011
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Introduction

The field of chemical engineering affords a tremendous
amount of research possibilities to applied mathematicians.
One of the main reasons for this is the existence of oscilla-
tions and multiple steady-states in complex chemical proc-
esses that are caused by the interactions between the trans-
port, thermodynamic and the kinetic phenomena. In addition,
biochemical engineering, the importance of which has grown
rapidly during recent years, involves biological phenomena
which adds substantially to the already existing complexity.
Fermentation processes involving both Zymomonas mobilis
and Saccharomyces cerevisiae have demonstrated the
existence of oscillatory behavior which are caused by
the existence of Hopf bifurcations. This article deals with

the demonstration of simple strategies to eliminate the oscil-
lation causing Hopf bifurcation points. While there are sev-
eral articles that demonstrate the existence of oscillations
and the Hopf bifurcation points that cause them to occur,
this article provides techniques to avoid/eliminate them
because of their wasteful nature. In the case of the Zymomo-
nas mobilis fermentation process, it is demonstrated that the
addition of a small amount of substrate and/or the key com-
ponent and/or product in the input stream results in a the
disappearance of the Hopf bifurcations, while in the fermen-
tation process involving Saccharomyces cerevisiae, it is
shown that the addition of a small amount of oxygen in the
input stream has the similar desired effect.

Background

Ethanol can be produced by fermentation from raw mate-
rials that contain carbohydrates. The raw materials that are
used to produce ethanol can be divided into three categories;
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(a) sugars, (b) starch, and (c) cellulose materials. Sugar can
be converted to ethanol directly, whereas starch must be
hydrolyzed first and cellulose must be converted to sugars
by the use of mineral acids.1 Once the sugars are formed,
enzymes from yeast or bacteria can readily ferment them to
ethanol. Traditionally, ethanol is produced in fermentation
with yeast strains such as Saccharomyces cerevisiae, which
under anaerobic conditions, metabolizes glucose to produce
ethanol.

Many bacteria such as Zymomonas mobilis2 can be used
to produce ethanol from glucose3,4 showed that the bacteria,
Zymomonas mobilis, can cause much higher yield than tradi-
tional yeasts.

Sustained or damped oscillations of biomass, substrate and
product (ethanol) concentrations have been observed by
several workers in continuous cultures of the bacteria
Zymomonas5–9 and of the yeast Saccharomyces at tempera-
tures above 303 K.10–12 Oscillatory behavior is linked
directly to strong product inhibition.7,9,11 linked the oscilla-
tory behavior with the additive effect of substrate excess and
product inhibitions.

Perego et al.10,11 clearly demonstrate that for Saccharomy-
ces and Clostridium, oscillations take place at high values of
feed substrate concentrations while these oscillations seem
to disappear for low values of the feed substrate concentra-
tions. This same trend was demonstrated for Zymomonas
mobilis5–7,13 Experiments performed by Bruce et al.,9

observed strong damping of oscillations when substrate con-
centrations fell to small amounts. Ghommidh et al.,8 pro-
posed a tricompartment model which for substrate saturation
portrays sustained oscillations in a continuous culture of
Zymomonas. However, this model fails to demonstrate stable
behavior when there is substrate limitation. This issue was
remedied by Jarzebski14 who modified the tri-compartment
model to better portray the dynamics of the fermentation
process.

The existence of oscillations, periodic cycles, regions of
multiplicity and chaotic behavior in Zymomonas fermenta-
tion process problems have been demonstrated in refs. 15–18.
The fermentation of Saccharomyces cerevisiae has also dem-
onstrated the existence of sustained oscillations as shown in
refs. 19–21. Jones and Komapla22 model which is commonly
used to describe the fermentation of Saccharomyces cerevi-
siae has computationally demonstrated oscillatory behavior
as shown by Zhang and Henson.23 This oscillatory behavior
was analyzed in detail by Simpson et al.24

While there is a lot of work demonstrating the existence
of these undesirable oscillations and the Hopf bifurcation
points that cause them, there is clearly a need to develop
strategies to eliminate them. This article demonstrates simple
strategies to eliminate the oscillations for both the Zymomo-
nas mobilis and the Saccharomyces cerevisiae fermentation
process problems.

The article is organized as follows: First the model equa-
tions for both the Zymomonas mobilis and the Saccharomy-
ces cerevisiae fermentation processes are presented. Then,
the numerical technique used for the calculations is briefly
described. The strategies to eliminate the Hopf bifurcation
points for both the fermentation problems are then discussed.
Examples demonstrating the effectiveness of the strategies
are then presented followed by the conclusions.

Model equations

In this section, the model equations for both the Zymomo-
nas mobilis and the Saccharomyces cerevisiae fermentation
processes are presented. The model suggested by Garhyan
and Elnashaie17 is used for the Zymomonas mobilis fermen-
tation process while the model proposed by Jones and
Kompala22 is used for the Saccharomyces cerevisiae fermen-
tation process.

Zymomonas fermentation model

The fermentation model suggested by Jobses et al.,7,17,18

describes the fermentation of Zymomonas mobilis. Here the
rate of formation expression for the key compound e is
given by

re ¼ f ðCSÞf ðCPÞðCeÞ (1)

The formation rate of the key component (which is an
RNA in the biomass) is a function of the substrate concen-
tration, is inhibited by ethanol and its activity is expressed in
terms of concentration only.7 S represents the substrate,
while P represents the product. f(CS) is given by the Monod
type equation

f ðCSÞ ¼ ð Cs

KS þ Cs

Þ (2)

The function f(CP) is given by a polynomial (Jobses et al.,
1986)

f ðCPÞ ¼ k1 � k2CP þ k3C
2
P (3)

The dynamic model for the four components, substrate
(S), microorganism or biomass (X), the key compound (e),
and product (P) are given by the following equations.

dCe

dt
¼ ½k1 � k2CP þ k3C

2
P�ð

CSCe

KS þ CS

Þ þ DinCe0 � DoutCe (4)

dCX

dt
¼ Pð CSCe

KS þ CS

Þ þ DinCX0 � DoutCX (5)

dCS

dt
¼ Pð�1

YSX
Þð CSCe

KS þ CS

Þ � mSCX þ DinCe0 � DoutCe (6)

dCP

dt
¼ Pð 1

YPX
Þð CSCe

KS þ CS

Þ þ mPCX þ DinCP0

�DoutCP � ð a
Vf

ÞðCP � CPMÞ ð7Þ

The last term in Eq. 7, is the term corresponding to the re-
moval of ethanol by a membrane and this term is zero for
the Jobses et al.7 model. This additional term was incorpo-
rated in refs. 17,18 who also considered the membrane side of
the equations which are given by
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dCPM

dt
¼ ð a

VM

ÞðCP � CPMÞ þ DM;inCPM0 � DM;outCPM (8)

where

DM;out ¼ DM;in þ aðCP � CPMÞ
VMðqÞ (9)

Dout ¼ Din � aðCP � CPMÞ
VMðqÞ (10)

and

a ¼ AMP (11)

D represents the dilution rate, YSX and YPX the yield fac-
tors of biomass on substrate and product, and, the k’s are
empirical constants, V is the volume, AM the area of permea-
tion and P the permeability of the membrane. mS and mP are
maintenance factors based on substrate requirements and
product formation. The subscripts M and F represent the
membrane side and the fermentation side. Table 1 gives the
base values of the variables and constants used in the Zymo-
monas fermentation problem.

Saccharomyces cerevisiae model

Jones and Kompala22 have developed a detailed cybernetic
model to represent the Saccharomyces cerevisiae fermenta-
tion process. Along three available pathways ri the cyber-
netic variables ui and vi represent the optimal strategies for
enzyme synthesis and activity. The variables ui and vi are
given by the equations

ui ¼ riP
j

rj
(12)

vi ¼ ri
maxj rj

(13)

while the expressions for the pathways ri are given by

r1 ¼ l1e1
G

K1 þ G
(14)

r2 ¼ l2e2ð
E

K2 þ E
Þð O

KO2
þ O

Þ (15)

r3 ¼ l3e3ð
G

K3 þ G
Þð O

KO3
þ O

Þ (16)

With these growth rate equations, the balance equations22

are given by

dX

dt
¼ X

X
i

rivi � DX (17)

dG

dt
¼ ðG0 � GÞD� ðr1v1

Y1
� r2v2

Y2
ÞX � /4ðC

dX

dt
þ X

dc

dt
Þ (18)

dE

dt
¼ �DEþ ð/1

r1v1
Y1

� r2v2
Y2

ÞX (19)

dO

dt
¼ kLaðO� � OÞ � ð/2

r2v2
Y2

þ /3

r3v3
Y3

ÞX (20)

dei
dt

¼ aui
Si

Ki þ Si
� ð

X
j

rjvj þ bÞei þ a� (21)

dC

dt
¼ c3r3v3 � ðc1r1v1 þ c2r2v2ÞC�

X
i

ðriviÞC (22)

G, E, and O represent the concentrations of glucose,
ethanol and dissolved oxygen. li represents the modified
growth rate constant. Ki and KOi represent the saturation
constants for the carbon substrate and the dissolved oxy-
gen for each metabolic pathway. G0 represents the inlet
glucose feed concentration, X is the cell mass concentra-
tion and kL a represents the dissolved oxygen mass trans-
fer coefficient. Y is the yield coefficient, while a and b
represent the enzyme synthesis and decay rate constants.
The stoichiometric coefficients for the intercellular storage
carbohydrate synthesis and consumption are given by /i

and ci. Table 2 gives the base values of the variables and
constants used.

Table 1. Base Set of Parameters Used for the Zymomonas
Mobilis Fermentation(Garhyan and Elnashaie

17
).

Parameter Value

K1 16.0
K2 0.497
K3 0.00383
ms 2.16
mp 1.1
Ysx 0.02444498
Ypx 0.0526315
Ks 0.5
P 0.1283
DM in 0.5
Cx0 0
CP0 0
Ce0 0
VF 0.003
VM 0
q 789

Table 2. Base Set of Parameters Used for the Saccharomyces
cerevisiae Fermentation Problem

22
.

Parameter Value

G0 10 gm/l
Y1, Y2, Y3 (0.16, 0.75, 0.6) gg�1

/1, /2, /3, /4 0.403, 2, 1, 0.95
O* 7.5 mg/l
a 0.3
a* 0.1
b 0.7
K1, K2, K3 0.05, 0.01, 0.001
KO2

0.01 mg/l
KO3

2.2 mg/l
ci (i ¼ 1,2,3) 10, 10, 0.8
li,max (i ¼ 1,2,3) 0.44, 0.19, 0.36
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Numerical technique used to locate the singularities

The program CL_MATCONT25,26 was used to locate sin-
gularities in the set of ODE described in the previous sec-
tion. For the resulting equilibrium curve f ðu; aÞ ¼ 0, where a
is the continuation parameter, and u the remaining variables,
the defining function is FðxÞ ¼ f ðu; aÞ ¼ 0 where
x ¼ ðu; aÞ 2 Rnþ1 and v is the tangent vector at x. Three test
functions will be defined as

/1 ¼ det
Fx

vT

� �
(23)

/2 ¼ detð2fuðu; aÞ�InÞ (24)

/3ðu; aÞ ¼ vnþ1 (25)

For the existence of a branch point, /1 ¼ 0, while /2 and
/3 are zero for a Hopf bifurcation point and a limit point. *
indicates the bialternate product.

Results and Discussion

Different strategies are used to eliminate the oscillation
causing Hopf bifurcations in the case of both Zymomonas
mobilis and the Saccharomyces cerevisiae fermentation proc-
esses. In the case of the Zymomonas mobilis fermentation
process it is shown that the addition of a small amount of
substrate and/or product and/or the internal key component
of the biomass, in the input stream causes the elimination of
the Hopf bifurcation points. On the other hand, in the case
of the Saccharomyces cerevisiae fermentation process it is
demonstrated that a minor increase in the oxygen content in
the input air stream causes the Hopf bifurcation points to
disappear. Several examples for both the fermentation pro-
cess problems will be presented in the next section.

Elimination of the Hopf bifurcation points in
Zymomonas mobilis fermentation

In this section a description of the problems for the Zymo-
monas mobilis fermentation process is provided. Table 3
gives a description of the values of the variables (original

and modified) that cause the Hopf bifurcation points to dis-
appear.

Din is bifurcation parameter (Cases 1 and 2)

A Hopf bifurcation point was found for a Cs0 ¼ 150.3 at
a Din value of 0.052152 and the concentrationvalues at this
Hopf bifurcation point were Ce ¼ 0.076791, Cx ¼ 1.449101,
Cs ¼ 31.013036, and Cp ¼ 58.097959. A similar Hopf bifur-
cation point was found for a Cs0 ¼ 200 at a Din value of
0.053626 and the concentrationvalues at this Hopf bifurca-
tion point were Ce ¼ 0.079314, Cx ¼ 1.469907, Cs ¼
80.674792, and Cp ¼ 58.079387. The Din values for these 2
Hopf bifurcations are the same as those reported by Garhyan
and Elnashaie,17 and this confirms that the program devel-
oped is correct. These Hopf bifurcation points are shown in
Figures 1 and 2.

For the problem where the CS0 value is 150.3 we
increased Ce0, Cx0, Cp0 values of 0.02 each we have three
neutral saddles and a limit point for the Ce,Cx,Cs,Cp and Din

values of (0.047283, 1.356092, 6.106871, 71.008319,
0.032711), (0.150153, 1.970166, 2.098558, 71.926608,
0.062180), (0.170114, 2.018045, 1.624551, 72.080441,
0.065103), and (0.196452, 2.046838, 1.102573, 72.293609,
0.066685). Similarly, for a CS0 value of 200 and Ce0 values

Table 3. Changes in the Input Conditions that Cause the Disappearance of the Hopf Bifurcations in the Zymomonas mobilis
Fermentation Problem.

Problem Number
(Figure Numbers in Brackets)

Bifurcation
Paramater

Original Values of Variables Before
Modification Which Give
Hopf Bifurcation Points

Modified Values of
Variables that Causes Disappearance

of Hopf Bifurcation Points

1 (1 and 3) Din Ce0 ¼ 0 Ce0 ¼ 0.02
Cx0 ¼ 0 Cx0 ¼ 0.02
Cp0 ¼ 0 Cp0 ¼ 0.02

2 (2 and 4) Din Ce0 ¼ 0 Ce0 ¼ 0.01
3 (5 and 6) Cs0 Ce0 ¼ 0 Ce0 ¼ 0.01

Cx0 ¼ 0 Cx0 ¼ 1.0
Cp0 ¼ 0 Cp0 ¼ 0.1

4 (7 and 8) AM Ce0 ¼ 0 Ce0 ¼ 0.175
Cx0 ¼ 0 Cxo ¼ 0.9

5 (9 and 10) AM Ce0 ¼ 0 Ce0 ¼ 0.2
Cx0 ¼ 0 Cx0 ¼ 0.8

6 (11 and 12) DM,in Ce0 ¼ 0 Ce0 ¼ 0.06
Cx0 ¼ 0 Cx0 ¼ 1.08

Figure 1. Hopf bifurcationin case 1.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

2400 DOI 10.1002/aic Published on behalf of the AIChE September 2011 Vol. 57, No. 9 AIChE Journal



of 0.01 we have three neutral saddles and a limit point for
the Ce,Cx,Cs,Cp and Din values (0.105093, 1.855506,
52.674916, 71.633423, 0.056106), (11.003571, 4.635427,
5.830798, 90.405466, 2.186318), (11.041867, 4.637539,
5.751172, 90.442155, 2.190533), and (12.178437, 4.696030,
3.454274, 91.504906, 2.265430). This is demonstrated in
Figures 3 and 4. Neutral saddles are not bifurcation points
and do not cause oscillatory behavior.

Cs0is the bifurcation parameter (Case 3)

Using Cs0as a bifurcation parameter and a Din value of
0.045 (Garhyan and Elnashaie, 2004), a Hopf bifurcation
point was found at a Cs0 value of 131.299635. The
Ce,Cx,Cs,Cp values at this point are (0.062779, 1.340037,
12.170129, 58.217222). For this same problem (using Cs0 as
a bifurcation parameter,and a Din value of 0.045) and Cx0Cp0

Ce0 values of 1.0, 0.1, and 0.01, three neutral saddles and a
limit point were found at Ce,Cx,Cs,Cp, and Cs0 values of
(0.051644, 2.078164, 7.758828, 71.384721, 151.607768),
(0.059601, 2.081473, 2.225302, 71.528482, 146.368418),
(0.066196, 2.084149, 1.401146, 71.644737, 145.782155),
and (0.075150, 2.087692, 0.933959, 71.798641,
145.629901). This is shown in Figures 5 and 6.

AM as a bifurcation parameter

Case 4. Using AM as a bifurcation parameter we have
found a Hopf bifurcation point at Ce, Cx,Cs,Cp CPMAM value
of (0.064356, 1.481497, 15.061500, 58.284328, 7.249975,
0.000168). The Cs0 value was 150.3 and the Din value was
0.0424.17 For this same problem (using AM as a bifurcation
parameter) we have found two limit points at Ce,Cx,Cs,Cp

CPMAM values of (0.047620, 1.962382, 7.524886,
65.490020, 4.899631, 0.000095) and (0.060014, 2.024450,
1.933278, 67.103367, 5.923243, 0.000114). The Cs0CX0Ce0

and Din values are150.3, 0.9, 0.175, and 0.0424. This can be
seen in Figures 7 and 8.

Case 5. Using AM as a bifurcation parameter17 and (Cs0

¼ 200; Din ¼ 0.04584 and the DM,in ¼ 0.5 [Botero et al.18])
we have found a Hopf bifurcation point at Ce, Cx, Cs, Cp

CPMAM values of (0.073800, 1.619666, 59.315330,
58.242414, 10.679704, 0.000266). For this same problem
when the Cs0CX0Ce0 Din and DM,in values are 200, 0.8, 0.2,
and 0.04584 and 0.5 and using AM as a bifurcation parameter
we have found three neutral saddles and one limit point at
Ce, Cx, Cs, Cp CPMAM values of (0.057516, 2.061102,
52.572648, 66.340911, 6.665108, 0.000132), (0.066795,
2.279953, 34.573369, 67.659469, 14.094758, 0.000313),
(0.091051, 2.648803, 3.925244, 68.803506, 27.092918,
0.000786) and (0.054944, 2.002003, 57.516056, 65.342005,
5.223639, 0.000102). This can be seen in Figures 9 and 10.

Figure 3. Elimination of Hopf bifurcation in case 1.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 4. Elimination of Hopf Bifurcation in case 2.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 2. Hopf bifurcationin case 2.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 5. Hopf bifurcationin case 3.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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DM,in is the bifurcation parameter (Case 6)

Using DM,in as a bifurcation parameter18 we have found a
Hopf bifurcation point at Ce, Cx, Cs, Cp CPMDM,in values of
(0.080235, 1.771958, 46.831227, 58.248013, 58.168622,
0.135165). The Cs0 value was 200, the AMvalue was 0.25
and the Din value was 0.04584. For this problem, when the
Cs0 value was 200, the AMvalue was 0.25 and the Din value
was 0.04584 and increasing the CX0 and Ce0 values are 1.08
and 0.06, using DM,in as a bifurcation parameter we have
found two neutral saddle points and a limit point at Ce, Cx,
Cs, Cp CPMDM,in values of (0.089523, 2.794614, 2.539933,
70.919035, 70.793055, 0.173192); (0.097551, 2.804331,
1.716270, 71.019143, 70.891783, 0.174821); and (0.107515,
2.810127, 1.215240, 71.141906, 71.013990, 0.175253). The
Cs0 value was 200, the AMvalue was 0.25 and the Din value
was 0.4584. The CX0 and Ce0 values are 1.08 and 0.06. This
can be seen in Figures 11 and 12.

Table 3 summarizes all the results in this section. It is
shown that in all the cases described, where Hopf bifurca-
tions were present, addition of a small amount of the internal
key component and/or substrate and/or product in the input
stream causes the Hopf bifurcation points to disappear and
limit points to appear. This is very significant because it pro-

vides a very easy way to replace the unwanted oscillations
with more acceptable steady-state branches. While all the
work so far deals with the demonstrations of oscillations this
work shows an easy strategy for eliminating them.

Elimination of the Hopf bifurcation points in
Saccharomyces cerevisiae fermentation

In this section, examples of Saccharomyces cerevisiae fer-
mentation problems where the Hopf bifurcation points disap-
pear when the value of O* was modified slightly are pre-
sented. The original and the modified values of O* are pre-
sented in Table 4. In all the cases D is the bifurcation
parameter. The original value of O* in all the cases was 7.5
which is the concentration of the oxygen in air. In all the
cases studied it was seen that the addition of a small amount
of extra oxygen results in the disappearance of the Hopf
bifurcation.

Case 7

The first Saccharomyces cerevisiae problem we study is
the problem discussed in Ref. 24. In this case the value of
kL a is 150 and the G0 value is 10. When the O* value is

Figure 7. Hopf Bifurcation in case 4.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 8. Elimination of Hopf bifurcation in case 4.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 9. Hopf Bifurcationin case 5.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 6. Elimination of Hopf Bifurcation in case 3.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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7.5 mg/l there are 2 Hopf points, 5 neutral saddles and one
limit point. This is indicated in Figure 13. Changing O*
from 7.5 mg/l to 9.5 mg/l results in the disappearance of the

Hopf bifurcation points. Three of the neutral saddles and the
limit point remain. This is shown in Figure 14

Case 8

In the second Saccharomyces cerevisiae example,23 for a
kL a value of 225, a G0 value of 11.5, and an O* value is

Figure 10. Elimination of Hopf bifurcation in case 5.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 11. Hopf bifurcation in case 6.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Elimination of Hopf Bifurcation in case 6.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 4. Changes in the Input Condition that Cause the
Disappearance of the Hopf Bifurcations in the
Saccharomyces cerevisiae Fermentation Problem

Problem Number
(Figure Numbers
in Brackets)

Original Value of
O* Before Modification

Which give Hopf
Bifurcation Points

Modified Values
of O*that Causes
Disappearance of
Hopf Bifurcation

Points

1 (13 and 14) 7.5 9.5
2 (15 and 16) 7.5 8.0
3 (17 and 18) 7.5 8.6

Figure 13. Hopf Bifurcation in case 7.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 14. Elimination of Hopf Bifurcation in case 7.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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7.5 mg/l, we get a Hopf bifurcation point, two neutral sad-
dles and a limit point. This is shown in Figure 15. When the
O* value is changed to 8.0 mg/l, the Hopf bifurcation point
disappears. Three neutral saddles and a limit point are
observed. This is shown in Figure 16.

Case 9

In the third Saccharomyces cerevisiae example, For a kL a
value of 225, a G0 value of 8.75, and an O* value is 7.5
mg/l, we get one Hopf bifurcation point, four neutral saddles
and a limit point. This is shown in Figure 17. Increasing the
O* value is 8.6 mg/l, results in two neutral saddles and one
limit point as shown in Figure 18.

In all the Saccharomyces cerevisiae cases, it is shown that
increasing the input oxygen concentration by a small amount
removes the oscillation causing Hopf bifurcations. This sum-
marized in Table 4.

Conclusions

While there is considerable amount of literature demon-
strating numerically and graphically, the existence of the
Hopf bifurcations points that cause the oscillations in the fer-
mentation process involving both Zymomomonas mobilis and
Saccharomyces cerevisiae this article provides very easy to
implement strategies to eliminate them. It is also shown in
the case of Zymomomonas mobilis fermentation process the
Hopf bifurcations disappear when small amounts of internal
key component/and/orsubstrate and/orproduct are added to
the input stream. In the case of the Saccharomyces cerevi-
siae fermentation process, it is demonstrated that a small
increase in the oxygen supply to the fermentation process
would result in the elimination of the unwanted oscillation
causing Hopf bifurcations. Apart from the different kinetics
the most significant difference between the two fermenta-
tions is the fact that the Saccharomyces cerevisiae is aerobic
(oxygen flow can be manipulated)and the Zymomomonas
mobilis fermentation is anaerobic. This work therefore pro-
vides easy techniques for removing the unwanted and

Figure 15. Hopf Bifurcation in case 8.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 16. Elimination of Hopf Bifurcation in case 8.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 17. Hopf Bifurcation in case 9.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 18. Elimination of Hopf Bifurcation in case 9.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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wasteful oscillatory behavior that occur in both these fer-
mentations.

Acknowledgments

Dr. Sridhar gratefully acknowledge Dr. Dhinakar Kompala’s sugges-
tions to eliminate the oscillations, particularly for giving the idea to
change the oxygen concentration in the Saccharomyces cerevisiae fer-
mentation problem.

Notation

C ¼ concentration
D ¼ dilution rate
V ¼ volume
E ¼ biomass for Zymomonas mobilis, ethanol for Saccharomyces

cerevisiae
X ¼ cell mass concentration in Saccharomyces cerevisiae fermentation

problem
O ¼ oxygen concentration

O* ¼ oxygen solubility limit (normal value 7.5 is when air is fed in K1,
K2 K3 empirical constants

P ¼ permeability
A ¼ area
Y ¼ yield factor

Subscripts

e ¼ key component of biomas
0 ¼ input
P ¼ product
M ¼ membrane
S ¼ substrate
X ¼ biomass
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